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2 Some basics

2.1 The time-independent Schriodinger equation

In studies of molecular electronic structure, we seek solutions of the time-independent Schrédinger equation,

52
——V*)+ Vi = E (1)
2m
where m is the mass of an electron, V is the potential and V? is the Laplacian operator
0? 0? 0?
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The wavefunction, 1, must be single-valued, finite and continuous.

2.2 Born-Oppenheimer approximation
The Hamiltonian, H , for a system with n electrons and N nuclei is then given by
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If we regard the nuclei as being fixed in space, we can factorise the total wavefunction:

O(R,r) = ¢(r)QUR) (4) Equilibrium
bond length
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and the electronic part becomes:
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and the nuclear part:
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HnucQ( Z Z E"“CQ(R) (6) Internuclear distance
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The final term, FE,,. is independent of the position of the electrons, and adds a Figure 1: Potential
constant contribution to the energy (at fixed distance). The sum of electronic and €Dergy surface for a
nuclear energies defines the potential energy curve (Figure 1), the electronic energy diatomic molecule.
which depends parametrically on the nuclear coordinates.

3 H," : linear variation theorem

Virial = Z CnXn = CaX1sa 1 CbX1sb (7)
<1/1|E[|¢> _ <(CaX15a + Clesb)|f{|(CaX15a + clesb)>
<77[}W}> <(CaX1sa + Clesb)‘(QzXlsa + Clesb)>

Following the process set out in Prof Kirrander’s ‘Valence’ lecture 4, minimisation of the trial wavefunction
gives the following secular determinant:

Et'rial =

Haa - Esaa Hba - ESba
det (H — ES) =
Hapy — ESay Hpy — ESpp



with eigenvalues that we can formulate in terms of matrix elements

H,, £ Hy

E.—E — faa = ab
7 Plog/low = T g

Hyq = <Xlsa‘g|Xlsa> Hy, = <X1$@|H|X18b> Sap = <Xlsa‘Xlsa>

The molecular orbitals also emerge as the eigenfunctions of the secular equations, but in this case we can
anticipate them from symmetry considerations alone:

1
= 571 L o sa =+ s
l/flog/lou 2(1i5'ab)(X1 X1sb)

We will deal exclusively with Hy from now on, so the ‘ls’ subscript will be assumed and an orbital on
hydrogen atom a referred to simply as x, efc. To make further progress we need to convert the abstract
““, “Hao”, “Hgp” ete. into hard numbers, and to do that we have to define H!

)

3.1 The Hamiltonian for H,*:

We can expand the general expression in Equation 5 to generate the Hamiltonian for Hy™

Hy=-——V-—2_ _—_ = 8
! 2m dmegrq  4Ameg Ty )

Equation 8 is given in SI units (distance in metres, mass in kg, charge in coulombs,
energy in Joules). It is more convenient to express it in atomic units (distance
in multiples of ag, the Bohr radius, mass in multiples of m., charge in multiples
of e, permittivity in multiples of 4mep, energy in multiples of Hartrees (atomic
units)).

ap = 0.529 x 10~ %m = 0.529 A

e=1.6022 x 1071 C
Figure 2: Compo-
me = 9.1095 x 10731 kg nents of the Hamilto-
nian for Hy™.

1 Hartree = 1 au = -2, — 4.3598 x 10~18 J = 27.212 eV

meag -
In which case the Hamiltonian simplifies to:

: 1 11
Hy=—-5V2———— 9)

and the matrix element H,, to:

1 11 1 1 1
Hab = (Xa| — §V2 - - ;blxb> = (Xa| — §V2lxb> + (xal = =) + (Xal - ;b\xb>

So in order to calculate the energy for Ho™, we .. need to evaluate integrals of the following types, kinetic
energy (T, electron-nucleus attraction (A) and overlap (.5):

1

T=-—-
2

XalVixs) A= —(xalélxw S = (Xalxs) (10)

When we get to Hy, we will find that we also need to calculate a fourth type of integral, the electron-electron
repulsion (g).

g= <xa<1>xa<2>\ému)xb@» (11)



4 Basis functions

In order to evaluate these integrals, we need to choose a mathematical representation of the orbitals, x,
For discrete molecules, there are two common choices, Slater-type orbitals and Gaussian-type orbitals
(Figure 3). For solid-state (periodic) calculations, there is a third choice, a basis set of plane waves, but we
will not be concerned with those here.

Amplitude, w

s-type
Gaussian

Radius, r

Figure 3: Slater-type and Gaussian-type basis functions.

4.1 Slater-type orbitals (STOs):
STO = Nir" e " Y, (0, ¢) (12)

N; is the normalising constant. Y;m(6, ¢) is a spherical harmonic, controlling angular dependence ( is a
measure of how contracted the function is (larger ¢ implies more contracted). In very simple (minimal) basis
sets, ( is related to Slater’s effective nuclear charge, which controls radial behaviour, and can be calculated
using Slater’s simple empirical rules. Slater-type functions replicate the behaviour of real atomic orbitals, so
they are an intuitively appealing option.
4.2 Gaussian-type orbitals (GTOs):

GTO = NyziyizFe=om" = Nyaiyl 2he— @ +v°+2%) (13)
Angular properties are specified by 1, j, k:

(0,0,0) =s (1,0,0) =p, (1,1,0) = dyy etec

The major difference compared to Slater functions is that the exponential decay is e~ and not e~ ", which
means that the orbital decays too quickly at large r, and fails to reproduce the cusp at the nucleus found in
real atomic orbitals (see Figure 3). Thus they are less accurate representations of a real atomic orbital than
Slater functions. However, GTOs have two major advantages:

(1) GTOs are separable in the z, y and z directions:
GTO = leiyjzke_o‘(g”2+y2+z2) =N (xie_‘mz) (yje_"y2> (zke_a’zZ)
the same cannot be said of STOs:
STO = Nye CV#*Hy*+z? £ Nye $Te=CWe=¢2
(2) the product of two GTOs on different centres is just a different GTO centred somewhere in between (the

Gaussian Product Theorem, or GPT for short). To illustrate this, consider the product of two s-type
gaussians (i = j = k = 0) with equal exponents, «, one centred at = 0, the other at x = a
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Figure 4: The product of two gaussian functions.

i.e. the product is another Gaussian with exponent 2« centred half way between the original basis functions

(x = a/2) and scaled by ey (Figure 4). The GPT makes the computation of all integrals much easier
for Gaussian functions than for Slater functions. It is harder, but still tractable, to calculate the 1-electron
integrals (overlap, kinetic energy, electron-nucleus interaction) using a Slater-type basis, but if electron-
electron repulsion integrals are needed (as they are for anything with more than 1 electron!), Slater-type
functions are generally a very poor choice.

5 Evaluation of matrix elements.

5.1 Elements of the overlap matrix, S,

Example 1: an overlap integral between two s orbitals described by gaussians with exponent « on different
atoms separated by a distance r:

Xa = Nle_a(x2+y2+zz) Xp = Nze_a(12+y2+(z_T)2)

+oo 2,2, 2 2, 2 2
Sop = <Xa|Xb> = N1 Ny /// e—a(x +y“+z )e—a(ac +y’+(z—1) )dxdydz



First, we need to normalise each basis function.

+
1= N12 // - e—a(x2+yz+22)e—04(902+y2+22)dxdydz
—0o0
+o00 +oo

+oo
2 —ax? —ay? —az?
:Nl/ e dm+/ e ydy—i—/ e dz
— 00 — 00 —0o0
1/2 /o N\N1/2 ;1 \1/2 T N\3/2
() () ) ()
1 \2a 2c 2c 1\ 2a

where we have used the standard integral
400 2
/ e v dy =
—oo

now return to the required overlap integral:

Sl

+
Sap = N1 Ny /// - e—a(w2+y2+z2)e—a(w2+y2+(z—T)2)dxdydz

3/4 3/4 ,+ +oo +oo
— (20‘) (20&) / €—2am2dx/ e—2ay2dy/ e—a(z2+(z—r)2)dz
™ ™ —00 —00 —00
3/2 +oo
) 1/2 1/2
() )G e
m 2a 2a oo
use the Gaussian product theorem (Equation 14) to deal with the integral in z:

+oo +oo 2 1/2
/ e~ +E-) g, 67¥/ e~20(:-%5)" — o~y ( > ) /
2

— 00 — 00

S 20\*2 , m\N1/2 s N1/2 /o \1/2 2 2
= — — — — X — e T
ab ( s > (2@) (2@) (2@) € €

(15)

Using r = 0.77 A and o = 0.4166, we get Sy, = 0.643 (this number is relevant later: don’t forget to convert

the distance to atomic units: 0.77 A = 0.77/0 529177 = 1.455 au).

We can generalise this expression for the case where two s-type basis functions separated by a distance r

have different exponents, a and 8

3/4 3/4 3/2 .
e ()" () ()
T T a+f

The expression is somewhat more complicated again if p, d or f orbitals are involved.

(16)



5.2 Elements of the kinetic energy matrix, 7},

Example 2: Calculate the kinetic energy of an electron in a 1s orbital (7.e. both basis functions are located
on the same centre), Tho = (Xa|T|Xa)

Y= Nle—a(12+y2+z2)

2
Thoo = 7& (e (@ v +27) |y2| g arle+y +z2)>

oo 24y?427) 0 (2% +y?+22)
- x Yy +z —a(z“+y°“+=z
/// (8x2 2 F 822> c dedydz

Taking the x component (y and z give identical contributions), we need to evaluate:

Toux = _NT% /e_wzaai (e_wz) /+°<> e_go‘yzdy /+O<> e~20%" 1,
x _ _

82
2

So we need to evaluate 2 integrals and sum them:

N2 +oo +oo +0oo +o00 Foo too
Thax = _71 |:4O[2/ x26—2aw2dx/ 6_2ay2dy/ 6_2a22dz _ 2@/ 6_2a$2d(£/ 6_2ay2dy/
02 2a\*? /1 (71')3/2+ 20 3/2(7r)3/2
—92a2 (2= L T P K
m da 2« T 200

(X+ (0%
= —— o = —
2 2

(e““z) = (4a2x2 — Qa) e—oe”

where we have used a second standard integral:

+oo 2 1
/ 2e M dy = 2[)\/? (17)

and because the total kinetic energy integral is symmetric in x, y, 2

3
Too = Toax + Taay + Tpaz = 3Tyex = 706

So for an s orbital with o = 0.4166, we get T,, = 0.625 (again, we use this later).

Again, we can generalise to the case for s orbitals on different atoms with different exponents:

2% 3/4 23 3/4 - 3/2 afB 208 o8 2
w=(7) () (55) a¥sl-at]® "

5.3 Elements of the nucleus-electron attraction matrix, A,

For the electron-nucleus attraction , the most complicated situation is where we have two basis functions
on different atoms, x, and x;, and the nucleus on a 3rd atom, C. What we do is use the GPT to express
the product of the two basis functions on x,xp as a third gaussian, located at some point between a and b
(point p in the Figure below). We then calculate the coulomb interaction between the electron distribution
described by the gaussian function at p and the nucleus at C.

_ 2
e 2z dZ:|



{

Figure 5: Positions of atoms a, b, C' in the calculation of Agp.

The coulomb integral is trickier than overlap or kinetic energy because of the 1/r terms, for which we need
Fourier transform techniques. However, relatively simple closed analytical forms do exist. For interactions
involving only s orbitals, the appropriate expression is:

N

— _ZC
Agp = Ec: <Xa|?|Xb> (19)
N 3/4 3/4 2
£ (@) (Z e safuafiad] o
c

where the summation runs over all N nuclei, Z¢ is the charge on nucleus C and Fj is the 'Boys’ function
(after Frank Boys).

R0 3(5)" s (o)

2 [T e _
erf(m):ﬁ/o e " du Fy0]=1

102 q erfiEl J/-'_
ars | !
ars /
erf{zh z erf(z) 1 erfiz) a5 I|"
0 0 0.55 0.5633 L3 0.9340 o f
0.025 0.0282 060 0.6039 1.4 0.9523 E aond !
0.05 0.0564 065 0.6420 1.5 0.9661 1] |
0.0 00128 050 06778 16 09763 035 | |
0.15 0.1680 0.75 0.7112 1.7 05838
0.20 0.2227 .80 0.7421 1.8 0.9851 =050 | !
0.25 0.2763 0.85 0.7707 1.9 0.9928 f
0.30 0.3286 050  0.7970 00 0.99s3 =875 1 /
035 0.37% 095 08200 22 049EI oo | =
0.40 0.4284 1.0 0.8427 24 09993
0.45 0.475% L1 08802 26 (L5998 -4 -2 L 2 4
0.50 0.5208 1.2 0.9103 1R 05999 t

Figure 6: Error Function, erf(t)

The rather complicated expression in Equation 20 takes simpler forms under certain limiting cases (r. = 0
or r. — 00):



Example 3: Calculate the attraction between the nucleus in a hydrogen atom and its 1s electron described
by a single gaussian function,
3/4
Xa = <206> 670”2
7r

In this case, both basis functions and the nucleus are centred at the same place (the origin!), so:
ap
|rq —rp] =0 e~ atnlraml® —

Ta —Tb
2

=0 . t=0 - Rl]=1

—re

Aaa = <Xa

note that Ty, o< a but Ay, o< /.

11 xa) between the 1s electron on a hydrogen atom at the

rc

Example 4: Calculate the attraction (x,

origin, described by a single gaussian function,

< 20¢ ) 3/4 —ar?
Xa =\ — €
Y

and a second hydrogen nucleus, C, at very large separation.

If the two basis functions are at the origin,

__apB _ 2
ra—m| =0 o e wfalenl — g

= 2arc?

EHORH N

= () oy Ly Lo
Xa) = T Na/ 2 \2a re  re

Aaa = - <Xa -
Note: this is simply the classical attraction between two point charges separated by 7..

rc

5.4 Electron-electron repulsion integrals, g.p.q

The expression for an electron-electron repulsion integral, gupeq, which we need later for Hy (and anything
with more than 1 electron) is rather more complex. For one electron distributed over two s orbitals on
centres a and b with exponents a and 3, respectively, interacting with another electron distributed over two
1s orbitals on centres ¢ and d with exponents § and ~y, respectively, the repulsion integral is given by:

Jabed = (2:>3/4 (27?) B (2:>3/4 (?)3/4 <(a +8) (0 + yfzi B+o+ 7)1/2> ’ (21)

— 9B e —rp |2 — 2L re—7q?
(sl = eril) S By [(a 4 8) (6 7) (B4 3 +9) Iry — rol?]

10
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Figure 7: Positions of atoms a, b, ¢, d in a 2-electron integral.

where p is the midpoint of the gaussian product y,xp and ¢ is the midpoint of the gaussian product x.xq.
See Szabo and Ostlund P416. Equivalent expressions for Slater-type functions are much much more compli-
cated! See Atkins MQM.

Example 5: Calculate the coulomb repulsion, J, between two electrons in a 1ls electron on an atom,
described by a single gaussian function,
3/4
Xa = <206> 6_0”42
m

[ra —ro] =0 [re—rql=0 |rp,—rg=0 Fyft]=1

Sy

2 2
o Ealra—rolP— L |re—ral* _ |

swr=1=(5) | <<2a> (Z;/;aw) - (2:> (2?.2? )=2(%)"

Let’s put this into practice:

Evaluate the energy of Ho™ at r = 0.77 /i, using a basis set composed of a single Gaussian function with
a = 0.4166 on each atom.

Haa + Hab _ Taa + Aaa + (Tab + Aab)
[ESCA 1+ Sap

Ey = Elag/lau =

Plugging r = 0.77 A and o into equations 16, 18 and 20 gives:

Overlap (S) SaazsbeI Sab20.643
Kinetic energy (T") Toa=Tp,=0.625 au Top=0.284 au
Nuclear attraction (A) Au=Ap=-1.676 au A,=-1.154 au

11



Toa + Aaa + (Tab + Aab)
E :E oy —
+ log 1 + Sab
_ 0.625 - 1.676 +0.284 — 1.154 _ —1.169 au
1+ 0.643

we then add the nuclear-nuclear repulsion, E,,., to get the total energy of Hot. We can treat the nuclei
classically, so Fp,. comes from simple electrostatics:

= 0.687

Enuc =
ab

Eior = E15, + Epye = —1.169 4 0.687 = —0.481 au

Figure 8: Potential energy surface for Hy™.

6 Practical choices of basis set.

6.1 Linear combinations of gaussians

Despite their mathematical convenience, it remains true that GTOs provide a much worse approximation
to atomic orbitals than STOs. The compromise is to use a linear combination of several GTOs to represent
each atomic orbital rather than a single STO. For example, a triple- basis set uses three GTOs to describe
each atomic orbital. The basic philosophy is that it is easier to perform a large number of easy integrals
than to perform a much smaller number of harder ones!

What can we create using just linear combinations of three Gaussian functions with different values of
¢ (0.25, 0.5 and 1.0 in Figure 9)?
P = cle_T2 + cze_%rz + Cg,e_irz’
If we vary the coeflicients in the sum, we can get an orbital of arbitrary size (Figure 10).
And we can introduce radial nodes by using negative coefficients, Figure 11 (the coefficients are arbitrary,

simply designed to illustrate how you can create different radial distribution functions from the same set of
gaussian functions).

12



exp(-0.25*r?)

. exp(-0.5*r?)
psi
exp(-r?)

0.2

C1=C2=C3=1.0
c1=0,c=c3=1.0

ci=c=1¢3=0.0

2s 08

o c1=15¢c,=-1.0c3=0.0

-
-~

04 3s N

c1=2.0c,=-25¢c3=0.9

Figure 11: Linear combinations with positive and negative ¢,, introduce radial nodes.

6.2 Basis set libraries

All software packages have an internal database of basis sets, and many more are available in repositories
like the basis set exchange (https://www.basissetexchange.org/). These range from very small to huge.
At the simplest end, we have basis sets like STO-3G which uses 3 GTOs to represent each STO. Thus a
calculation on HoO with an STO-3G basis would involve 21 basis functions (3 for each of O 1s, 2s, 2p, , .
and H 1s (x2)).

Very large basis sets are commonly used now, including double, triple, quadruple... ¢ forms: more than one
exponent is used to describe a given orbital. Varying linear combinations allows the radial extent of the

13



orbital to vary (c.f. Figure 10). e.g. 6-31G

Polarisation functions: basis functions with higher angular momentum (e.g. p-symmetry functions on H,
d-symmetry functions on B, C, N, O, F, f-symmetry functions on transition metals - recall the discussion
of the role of d orbitals in e.g. SFg) e.g 6-31G*

Diffuse functions: very low ¢ — important for accurate description of weakly bound electrons (anions, for
example) e.g. 6-31+G

The choice of an appropriate basis set is typically one of the major decisions practising computational
chemists need to make.

7 Chemical bonding: what is a bond?

The chemical bond is often presented as an electrostatic phenomenon: “electrons accumulate in the inter-
nuclear region, where the potential energy is highest”. But this is not true: in Ho™, the potential energy is
most favourable when the electron is at one nucleus or the other (where !/r is infinite), not when it is in the
middle! Where does this idea come from?

The virial theorem tells us that T = —%. Combine this with the expression for the total energy, £ = T+V =
% and it seems that we need only to know the potential energy to know the total energy! However, we could
equally well argue that F =T+ V = —T and that the total energy is defined entirely by the kinetic energy!
Simple models of bonding focus almost exclusively on the electrostatics, but we really need to consider the
balance between T and V as the H-H bond forms in Ho™:

Figure 12: Variation in A, T and V across the potential energy surface for Hy™

As the bond begins to form, the potential energy V (green curve) actually goes up, and it is the kinetic
energy (black line) that causes the initial drop in total energy. The electron is no longer confined to a single
atom, so is effectively in a bigger ’box’, so T' goes down. The increase in V' comes because the electron strays
further from the original nucleus. At shorter distances, the curves for V' and T cross, and at equilibrium it is
indeed the former that stabilises the molecule. The wavefunction contracts along the direction perpendicular
to the bond (it effectively ’shrink wraps’ the nuclei. So the bond, even in something as simple as Ho™, is
quite complicated!

8 Formulation of the wavefunction for systems with >1 electron.

8.1 Slater determinants

Also see Valence Lecture 3.
The Pauli principle: The total wavefunction must be antisymmetric under the exchange of identical particles.

14



Example 1: He
For He, the 2-electron wavefunction B
Yie = 1s(1)1s(2)
is not antisymmetric because
1s(1)1s(2)— # 1s(2)1s(1)
(note 1s(1)1s(2) is shorthand for 1s(1)1s(2)a(1)3(2))
But the linear combination

Ve (1s(1)1s(2) — 1s(2)1s(1))

1
V2

is antisymmetric because

1 ~
75 (1s@ () ~ 1s(1)15(2) = =

Example 2: Li

Y = 1s(1)15(2)2s(3)

is not antisymmetric.

i = = (1s(1)T5(2)25(3) — 15(2) Ts(1)25(3))

V2

is antisymmetric wrt exchange of electrons 1 and 2, but not wrt 1 and 3 or wrt 2 and 3.

1 _ ~ _
YrLi Z%(ls(l)ls(2)2s(3) +15(2)1s(3)2s(1) + 1s(3)1s(1)2s(2)

—15(1)15(3)2s(2) — 15(2)1s(1)2s(3) — 1s(3)1s(2)2s(1))

is antisymmetric wrt exchange of all three.

The antisymmetric wavefunctions can be written as Slater determinants:

1 . 1 [s(y Ts(
'(/)He - 72(15(1)15(2) - 15(2)13(1)) - \/5 15(2) I (2)
12 = T (U ((212503) + 1) Ts(3)25(0) + () s(U25(2)
—15(1)1s(3)2s(2) — 1s(2)1s(1)2s(3) — 1s(3)1s(2)2s(1))
1s(1) 1s(1) 2s(1)
1 _
= 7 1s(2) 1s(2) 2s(2)
1s(3) 1s(3) 2s(3)

Note that using a single Slater determinant to represent the wavefunction is a convenient way to ensure that
it conforms to the Pauli Principle, but it is by no means the only way. Any linear combination of Slater
determinants will do the job, as we will see when we consider Configuration Interaction.
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9 H; explicit formulation of the Hamiltonian for a 2-electron sys-
tem

- 1 1 1 1 1 1 1 1 N N 1
HelZ—Z(QV?-FVz):(—QV?——>+(—2V§——>+=H1+H2+ (23)

f Tal b1 Ta2 Tv2 T12 T12

H 1 and ﬁg are identical to the 1-electron Hamiltonians for Hy™ (Equation 9). If we chose to ignore the
i term in the Hamiltonian (i.e. we assumed that electrons don’t interact!), this is simply the sum of two

independent one-electron Hy™ Hamiltonians, and the problem is separable.
The resulting energy and ground-state wavefunction would be £ = 2FEy,, and ¢ = 1o,(1)10,4(2), a simple
“Hartree product”.

We have already established, however, that a wavefunction of this type is not antisymmetric wrt exchange
of electrons (unsurprisingly as we chose to ignore the interaction between the electrons in deriving it!): we
need to use a Slater determinant.

o i B 1 log(1) log(1)
sz_E(lag(l)lgg(z)_1ag(2)1ag(1))—\/5 1oy(2) 154(2)

Now we have a correct expression for ¥ and an expression for H, we can compute the expectation value:

(W H[Y)
Step 1: Expand

E = (y|H) = % ((1og(1)104(2) — 1og(2)1o(1))| By + Hs + %I(Mg(l)l&g(?) —1og(2)10,4(1)))

= % ( 09(1)169(2)|ﬁ1 + }AI2 + éllag(l)l‘}g@» + % ( 09(2)1‘}9(1)|ﬁ1 + H2 + éugg(z)l&g(l))

~ 5 W1, + Ha L0y (D1 (1) = 5 (Loy (Do (DI + Ha + ——Loy (1)16(2)
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Step 2: Expand terms of H to give 12 integrals, labelled I1-1;5.

E =3 (10,(1)1,(2)| A |10, (1)10,(2)) 1o
43 (10, (115, (2) Bl 10, (1)1,(2)) T
1

~ 5 00y (1104(2)| H 10y (2)104(1)) Ty
5 00y (116,(2)| 10y (2)10,(1)) Ty

5 00y ()10, (V| Hi 10y (1)104(2)) T
5 (104210, A0y (1)10,(2))  To

5 (105215, (D[ F10,(2)15,(1)) T
1

+§<1Ug(2)13g(1)|ﬁ2|109(2)15g(1)> Is

+5 (10, (115, 10, (1)15,(2)) Ty
12

~5 (0 ()15, (D)] = [10,(1)1,(2))  Tig
12

~5 (0, (1)16,()] - |10, ()1, (1) T
T12

+5 (103 (2)15, (1) = |10,(2)16,(1)) iz

I1-1Ig are termed ’1-electron integrals’ as they depend only on the coordinates of a single electron, whereas
Iy — I5 are referred to as ’2-electron integrals’. We will now look at each of I; — I15 in turn and establish
whether they are zero or not.

9.1 1-electron integrals, [1-1g

I = 5 {10, (1)16,(2) A |10, (1)104(2))

Note that H; only acts on electron 1. We can therefore separate out everything to do with electron 1 from
electron 2, and also separate out the spatial and spin components of the wavefunctions:

I = 5 (g (] Hal1o, (1) (10, (2)15,(2)
= 3 (o, (DI A1, (1)) (10, (D)1, (2)) {a(D]a(1)) (BEI5(2)

1 1
:fEh,gxlxlxl:fEla
2 g

2
Similarly
I = % <15g(2)\g2|15g(2)> (log(1)[10,4(1)) = ;Elag
I; = % <1&g(1)‘ﬁ1|1&g(1)> (log(2)[10,4(2)) = ;EMJ
Iy = % (1o4(2)|H2|104(2)) (1o4(1)|10,4(1)) = ;El%

now consider Is: 1
Iy = 51 (104(1)10,(2)| H1| 1o (2) 15 (1))

17



Separating the spatial and spin components of the wavefunctions gives:

Iy =1 (1o, (VA1 [17,(1)) (15,(2)]10,) (2)

2
=% (Log(1)|Hi[loy(1)) (1o4(2)[10,(2)) ((1)[B(1)) (B(2)](2))
:%Elog x1x0x0=0

The integral is zero due to spin orthogonality, and likewise for I, I5 and Ig.
If we now add up the sum of the 1-electron integrals, I1-Ig, we get Fio; = 4 X %Elgg +4x0=2F,,, as we
might have guessed!

9.2 2-electron integrals, Io-1;-

We now can’t separate out the components in electron 1 and electron 2 because the operator acts on both,
but we can still separate out the spatial and spin parts (because % does not act on spin).

— 5 (19,(1)15,(2)| |10y (1)15,(2))
— 5 {19,(110,(2)| |10y (1)16,(2)) (a(D)|a(1)) (5[5 (2) (25)

1 1
= ijlaglag x1x1= §J1<Tglog

Iy

This is the ‘Coulomb integral’ (note the multiple uses of the term ‘Coulomb integral’ in the literature).
Physically: J is the repulsion between two electrons occupying the same orbital, 1o,.
similarly:

1

. 1 -
Lo = <1%(2)109(1)Iallag@)lag(l)) = 510410,

N |

but:
1 - 1 -
Lo = =5 (104(2)1og(1)|-—1oy(1)104(2))
T12
1 1
=-3 <10'g(2)10g(1)\Ell%(l)lag@» (B(D)]e(1)) (a(2)|5(2)) =0
due to spin orthogonality, and likewise for I1;. So, finally, we have an expresssion for the total energy of Hs:
1 1
Etot =4 x §Elag +2 X §Jla'glo'g = 2Ela'g + Jlo'gla'g (26)

i.e. what you might expect classically: twice the energy of an electron in Hy™, plus an additional term
ch,glgg, capturing the destabilising effect of electron-electron repulsion.

9.3 A note on physicists’ and chemists’ notation

A commonly used shorthand notation for the 2-electron integral

<1ag<1>1og<2>|éuag(l)log@»

(log(1)1o4(2)[1oy(1)104(2))
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or more generally
(ijliz)
1

where the % term is implicit. This is called the physicists notation. Even without the 75 bresent, the

2-electron integrals can still be distinguished from overlap integrals, (i|j) because the former have 2 indices
on each side rather than one. Up to 4 spin orbitals can be involved, in which case the integral is denoted
(ij|kl). Tt is often conceptually easier (at least in the eyes of chemists, apparently!) to collect all terms
relating to a given electron on the same side of the é term. Writing the integrals out in full, including
complex conjugation, we have:

Tiayto, = (10,110,210, (110,(2)) = [ 1050105y (1)1 (s

we can rearrange this so that all terms in electron 1 are on the left and all terms in electron 2 are on the
right:

(51id) = Do, = [ 10311160, (1)| o, (2)1072)dr = il

This arrangements of terms makes it more obvious that the interaction is between a probability density
defined by electron 1 (0 (1)10,(1)) and a probability density defined by electron 2 (o4(2)107;(2)). Note the
use of a square bracket rather than a traditional ‘bra’/’ket’ - this is called ’chemists’ notation’. We can’t use
the Dirac notation because the complex conjugates have moved, and so the left and right hand sides are no
longer bras and kets. Both systems of nomenclature are used in the literature, and if you are writing a code,
it is vital to keep track of which one you are using.

9.4 Evaluation of molecular integrals

So far, we have developed the required integrals (S, T', A, J) in terms of the molecular orbitals, 1o, in this
case. In order to get a numerical result (as we did for atomic H previously), we need to expand the orbitals
using the LCAO ansatz.

1
log= ——— (xa+
g 2 (1 + Sab) (X Xb)

Expanding Ji,,10, = (1o4(1)104(2)|-2-|104(1)104(2)) in this basis gives:

T12

(Xa +x0) (1) (Xa + x0) (2))

1
Jlaglag = ‘E|

4(1+ Sq)? ((Xa +x0) (1) (Xa + xb) (2)

_ 1
o 4(1 + Sab)2 [

(o DXa == o (DX (D) + (DX = e (D10(2)

+ (D@ (D) + (D% @) o 2)
+ (D@l (DX + (D)= xa(D(2)
+ (a(DW ] D) + (DB eD0()
+ (DX Xa (D 2) + e xa1)xs(2)
+ QDX L) + (ox @ eDu()
+ DB W@ + (o) KaDu()

+ (DB ho(xa() + (e @l=eDu)]
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The 16 integrals above, separate into four distinct types:
(o (DX = o (10 (2) = {ac]aa) = (b0
(DX xs(D(2) = (aaltt) = (jaa)
(1302l o (D(2) = (ablat) = alba) = (ablba) = (balab)

<Xa(1)Xa(2)|éb(a(l)Xb(?» = (aalab) = (aalba) = (ablaa) = (balaa) = (ab|bb) = (ba|bb) = (bblab) = (bb|ba)

1
J = —-——
logyloy, 4(1+Sab)2
The analytical formula required to calculate these integrals was given in Equation 21. Note that the corre-
sponding equations with Slater basis sets are much more complicated!).

[2 (aalaa) + 4 (ablab) + 2 (aa|bb) + 8 (aa|ab)]

For our standard toy model of Hy at 0.77 A with the single Gaussian basis function (o = 0.4166) on each
atom, values are:

(aalaa) = 0.728 au  {aa|bb) = 0.561 au

(ablab) = 0.301 au  (aalab) = 0.436 au

Sap = 0.643 (28)

1
J = Ix 16132 [2%x0.728 + 2 x 0.561 4+ 4 x 0.301 4+ 8 x 0.436] = 0.673 au

E=2E1,, + Jig 10, + Enue = 2 X —1.169 + 0.673 + 0.687 = —0.977 au

05
06 4
3.7
=
.|:Bl
=08 4
—— HZ HF
0% L LS + 0 -] 10 15

Figure 13: Potential energy surface for Hy ™.

We can expand a molecular orbital using as many functions on as many atoms as we like:
¥ = N (CaXa + CoXb + CeXe + CaXd)

If we do so, the number of integrals required increases rapidly (the number of 2-electron integrals scales as
N* where N is the number of basis functions). Moreover, the 1- and 2-electron integrals (H, J and K) can
involve atomic functions on up to four different atoms, a, b, ¢ and d: e.g.

<xa<1>xb<2>|éxc<1>xd<z>> — (ablcd)

The 4-centre-2-electron integrals are numerous and very time-consuming to evaluate.
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9.5 Excited states of H; and the exchange integral, K.

Let us perform the same analysis with the first triplet excited state of Ha,

B 1 [loy(1) 1e,(1)
w_5(109(1)1%(2)—109(2)10u(1)))—\/5 10,(2) 10,(2)

Expand in terms of ¢ and H again gives 12 integrals, again labelled I;-I15.

E :% (lo,(1)10,(2)|Hi[10,(1)10y(2)) I

5 (10, (1)10,(@)| Ha 1oy (1ou(2)) T
2 (o, ()10u(2) B oy ()10, (1) I
—5 (log(1)10y(2)|Ha|loy(2)10u(1)) 14
2 (Lo,@)1ou (D10, (D10, (2) I

{log(2)1ou(1)| Hallog(1)1ou(2)) Lo

(10,(2)10,(1)|Hi[104(2)10u (1))  I;

+

(logy(2)10y(1)|Ha|log(2)10u(1))  Is

+
RN RPNRRNIRNRN N
—
[N~}
Ne)
S~—

+—<1ag<1>1ou<2>%uag(mau(z» I

— DN

—5 (@] 1oy (D10,(2)) T
~5 (10, [10,2)10u (1) T
+5 (10,(2)10,(1) (10, (V) D

1-electron terms, I1-Ig

I =5 (1o, (1)[Hi 1o (1)) (10(2)|104(2))

N | =

= ; (1o4(1)[Hi[1a4(1)) (10w(2)[10w(2)) (a(1)]er(1)) ((2)]x(2))
:lElg X].Xle:lEla-
9 9 92 9

I = Iy = Ei,,
Iy = I7 = Ey,,

1 ~
13 = I4 == ]5 = IG == —5 <109(1)|H1‘10’u(1>> <10’u(2)|10’g(2)> =0
note that I3 = Iy = Is = I = 0 because now the spatial components, 1o, and 1o, are orthogonal. Contrast

with the expansion of the ground state where I3, I, I5 and Is = 0 were zero because of orthogonality of the
spin components.
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2-electron terms:

Iy = hia = 5 (1, (D1,(2)| 10, (1)1, (2))

1 1
5<109(1)10u(2)Iallag(l)lau@» (a(D)]a(l)) ((2)|a(2))
1 1
= 510,10 1 1=- o4lo
2J1 glo, X 1 X 2J1 gloy
ch,g 10, 1s the repulsion between an electron in 1oy and an electron in loy,.

Thus far, the expression is exactly as it was for the ground state, BUT

ho = T = 5 {10,(1104 (D) [10,(2) Lo (1)

%u%aﬂ%@m%n%@n%u»«wmmn>m®me»
1
2

1
= 7K1(7910'“, x1x1= EKloglau,

recall that in the singlet case, I1p and I;; were exactly zero because of spin orthogonality - the two spin
components were («(1)|58(1)) and (8(2)|a(2)). There is no such orthogonality here (both spins are the
samel!), so the integrals are not necessarily zero: they are known as exchange integrals, K — a purely
quantum phenomenon. Note also that the integrals come into the expression with the opposite sign to Ig
and 5.
Collecting terms:

Eiot = Elag + Elau + Jlaglau - Klaglau (30)

J and K are both positive (I will explain why later), so K can be thought of as offsetting some of the
electron-electron repulsion captured in J: this is what lies behind the general observation ’electrons with
parallel spin repel each less than electrons with opposite spins’.

Note the special case when the two orbitals are the same:
J = (ijlij) K = (ij|ji) (31)

. when ¢ = j, J = K. This proves to be very important later when we come to manipulate expressions
involving energies.

Finally, note H does not operate on spin degrees of freedom. Thus the influence of spin on the energy
is exerted indirectly via the constraints on the spatial component of v» imposed by the Pauli principle. The
total wavefunction (spatialxspin) must be antisymmetric therefore the spin part places constraints on the
spatial part, and it is the spatial part that determines the energy. If we write out the spatial part of 3%
to make the dependence on the positions of electrons 1 and 2 (r;1 and ro, explicitly clear, we see that the
wavefunction must go to zero in the limit that the electrons are in the same place (the "Fermi hole’).

Y

(1og(r1)lou(rz) = 1og(r2)lou(r1)) =0 when ry =rs.

1
V2
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ly 12

Figure 14: Fermi hole at r; = ro for the triplet wavefunction.

10 Hartree-Fock theory

What have we achieved so far?

We have set up the machinery that allows us to evaluate the expression <1/1|H'|1/)> = FE if we know the
wavefunction in the form of an antisymmetrised product and we know the exact mathematical form that the
individual orbitals, 1o, in this case, take.

)= ‘109 1&g‘ _ Lol 1(,79(1) (32)
V2 10,(2) 10,(2)

In the case of minimal basis set Hy, symmetry was all we needed (1o is uniquely defined as the appropri-
ately normalised in-phase combination of the 1s orbitals) but what if we didn’t know, a priori, what the
orbitals look like. In [HHe]", for example, we know that the occupied orbital is an in-phase combination
of 1s orbitals and, qualitatively, we anticipate that the bonding orbital will be polarised towards the more
electronegative He atom. But how polarised? 90:107 60:40?7 How do we work this out? The next section
deals with Hartree-Fock theory, which provides a route, via the variation theorem, to find the optimum linear
combination of atomic orbitals in cases where the coefficients are not determined by symmetry alone (i.e.
the vast majority of problems!)

By analogy to the ground state of Hy, we have an expression for the total energy of [HHe]™
E=2E;+J,s

where E, represents the energy of an isolated electron in the o orbital (note there is no g/u because the
molecule has Cyy, symmetry). We would like to minimise this energy with respect to the coefficients in the
LCAO expansion of the o orbital:

7/} =N (CaXH + CbXHe)
We can express the ground-state wavefunction of [HHe]' as a Slater determinant:

b= ‘10 170_‘ _ i 1o(1) 1o(1)

V2 |16(2) 15(2)

If we define the coulomb and exchange operators, J; and K, (Equation 34) we see that in order to know the
effect of Jy on electron 1, we need to know the wavefunction for electron 2 because it is contained in the
operator. Likewise, if we wish to compute the effect of J; on electron 2, we need to know the wavefunction

for electron 1. We escape from the ’chicken and egg’ situation by starting with a guess, and then iterating
until the answer no longer changes - the so-called ‘self-consistent field’.

B = ( [0 ) v (3
Ry = ([ w0 L) we (34
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The coulomb operator defines the influence of the charge cloud of electron 2, ¥;(2)1;(2), on electron 1. The
exchange operator defines the modification of this repulsion by spin correlation.

The formal derivation of the HF equations involves finding the condition under which E, the total energy,
is a minimum, subject to the constraint that the orbitals remain orthonormal, (¢;]v;) = d;;. The process
involves the use of Lagrange multipliers — see box and MQM Ch 7 further info for a full derivation.

A reminder about Lagrange multipliers: how to find an extremum subject to a
constraint.
Find the turning point of f = 322 — 2y? subject to the constraint that = +y = 2
defineg=z+y—2=0andso f=f—-Ag=322—-2y> — Ao +y—2)
A is the ‘Lagrange multiplier’.
df df
— =6r—A=0 —=—-4y—XA=0
dx * dy Y
r=—4 y=6 A=-24

This procedure leads to the Hartree-Fock equations,

Fip; = e (35)
where the Fock operator, a , is defined as

=i+ (24 K) = +G
J

€; is the Hartree Fock orbital energy (and also the Lagrange mpltiplier). .
H collects together the one-electron terms for kinetic energy (7') and nuclear-electron attraction (A)

. 1 1 1
-ty L

The eigenvalues of the Hartree-Fock equations are:

€ = E; + Z (2Jij — Kij) (36)
J

Note the difference between E; and ¢;: E; is the interaction between the electron and the nuclei in the
absence of the other electron (i.e. exactly as in H2+). €; is the Hartree Fock orbital energy, which represents
the energy of the electron in the combined field of the nuclei and the other electron. We now have a system
of linear equations where the Fock operator (a one-electron operator) defines the average field due to the
nuclei (contained in H) and the remaining electrons (contained in J and K operators).

What do the one-electron energies, €;, mean?

Each orbital energy contains the effects of repulsions by all other electrons, so if we sum over all occupied
orbital energies, ). €;, the repulsions are counted twice. Therefore, to calculate the total energy we have to
correct for this by subtracting the electron-electron repulsion.

i i
where the sum is over doubly-occupied orbitals.
Check this works for Hs:
FE = 26105' - 2J1(791,7g + Kloglag
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but recall that Ji5,15, = Ki1s,15, (Equation 31) and also that €1,, = E1o, + Jio,10,

E=2 (Elo'g + Jla'gla'g) - 2J10glo'g + *Jla'glag
= 2E10g + Jloglog

precisely as we found in Equation 26.

10.1 Koopmans’ approximation:
“The ionisation energy is approximately equal to the negative of the Hartree Fock orbital energy”:

Ii ~ —€; (37)
Why?

I(HQ) = E’Hz+ - EH2
= Elag - (2E10'g + chrglag)

= *Elag - Jlaglag = *Elag

The final equality comes from Equation 36. A more physical way to see this is to note that when we remove
an electron from Hy we lose the attraction to the nuclei (E1,,) but we also relieve one unit of Coulomb
repulsion, Ji4,10,, — precisely the components of €14,

10.2 Hartree-Fock-Roothaan (HFR) Equations:

These are the HF equations expressed in terms of the LCAO approximation.
Fo=ep  ¢=> caxn
n
FY enxn =€) enxn
n n
Pre-multiplying by (x| and integrating gives

ch <Xm‘F‘Xn> = EZ Cn (Xm |Xn)

Z Cn (Frrm —€ S’rnn) =0

which has non-trivial solutions when |F,,, — € Sy, = 0 (note similarities to secular equations, Equation 3
— more on solving these in the last 2 lectures).

Reiterate: in order to determine ¢,, by solving the HFR equations, we need to be able to calculate the matrix
elements F,,,, (including coulomb and exchange integrals), which in turn means that we need to already
know ¢,! Hence we need to start with a guess and iterate:

The flow diagram for a Hartree-Fock calculation is given in Figure 15.

10.3 The anatomy of a Hartree-Fock calculation:

Calculate the ground-state energy of [HHe] at the equilibrium separation, R = 0.80 A with a minimal
STO-1G basis set (o = 0.4166 on H, « = 0.7739 on He). The ’best’ exponents are obtained by fitting to
experiment, and a huge range is available at https://www.basissetexchange.org/. In this case, the larger
value of ¢ for He reflects the fact that the Z.;s should be higher and the 1s orbital should be smaller.

Expand the MOs in the form
Y = caXH £ChXHe
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guess coefficients

l

normalise

l

compute matrix
elements

|

solve HFR equations

converged? obtain improved
coefficients

finish

Figure 15: Flow diagram for a Hartree-Fock calculation.

where xg and xpg. are 1s orbitals centred on He and He, respectively.

The general expression for the HFR equations
ch (an —€ Smn) =

give us:

(-Faa_6 Saa)ca+(Fab_€Sab)Cb:0
(Fap — € Sap) ca + (Fyp — € Spp) cp =0

Faa_esaa Fab_GSab 0
Fop—€Sap Fyp —€ Spy

We need to build this matrix using matrix elements of the Fock operator:
F=f+Y (24— k) = +G
J
so we need numerical values for all the matrix elements (energies in Hartree units), which we can calculate

using the tools set out in Section 5.

Overlap (S): Spa=Spm =1 Sap = 0.502
Kinetic energy (T) Tpo = 0.625 Ty =1.161  Tpy = 0.239
Nuclear attraction (A) Agq = —2.285 Ay, = —3.464 A,y = —1.555

A . —1.661 —1.316 1.0  0.502
+T
—-1.316 —2.303 0.502 1.0
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We also need the matrix elements of electron-electron repulsion (note there are now 6 different ones because
the molecule is no longer symmetric, so {aa|aa) # (bb|bb) and (aa|ab) # (bb|ab)), as was the case in Equation
27:

Table 1: Electron-electron repulsion integrals for HHe™. These are obtained from Equation 21.
(aalaa) = 0.728  (bb|bb) = 0.993  (ab|ba) = 0.585
(aalab) = 0.342  {aa|bb) = 0.219  (bbab) = 0.436

Let us start the iteration with a guess for ¢, and c.

Step 1: guess ¢, = 2¢, .. 2 = 2 (a plausible guess because we anticipated that ¢, > ¢, for the o
bonding orbital in HHe™)

Step 2: normalise Y1, = coX g + CbXHe = CaXH + 2Ca X He

/(caxH + 2¢caxme) (CaXm + 2¢aXme)dT =1

Step 3: Now calculate the elements of the electron-electron repulsion matrix. Here, we need to introduce
the coefficients, ¢, and ¢, in the bonding orbital — these determine where the electrons are, and hence what
the form of jj is.

Take the first element as an example - this expression is analogous to the one set out in Equation 9.4 for Hs.

A 1 1
Gaa = (a|Gla) = 262 ((aa|aa> ~3 <aa|aa>> + 2¢q0p <<aa|ab> ~3 <aa|ab>) +
1 , 1
2¢pc, | (aalab) — B (aalab) | + 2¢; | (ablba) — 5 (aa|bb)
=2x0.143 x % x 0.728 + 2 x 0.286 X % x 0.342
1 1
+ 2 % 0.286 x 3 x 0.342 4+ 2 x 0.572 X (0.585 3 X 0.219) =0.842

The complete G matrix is
. 0.842 0.319
G

0.319 0.952

L —1.661 —1.316 0.842 0.319 —0.819 —0.997
F=H+G= + =

—-1.316 —2.303 0.319 0.952 —0.997 —1.351

Step 4: solve FC = SCFE
—0.819 — ¢ —0.997 — 0.502¢
=0 (38)
—0.997 — 0.502¢ —1.351 — ¢

€1 = —1.460 au (lowest eigenvalue)
Step 5: Converged? i.e. is the value of ¢; the same (to within a defined threshold) as the previous value.
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Clearly as this is the first iteration we have nothing to compare to, and so the answer is no!
Otherwise
Step 6: solve the secular equations for c,, ¢, using € = ¢; = —1.460 au

(}?aa_6 Saa)ca+(Fab_6 Sab)Cb:O
(Fap — € Sap) ca + (Fyp — € Spp) e =0

0.641c, — 0.264c, = 0 . <2 —2.43

Ca

and go round the cycle again..
Step 2: normalise V1, = coXH + CbXHe With E—b =243

cq =0.327 . ¢, =0.795

etc. etc.

Ca Ch Foa Fap Fyp €1
Initial 0.378 0.756 -0.819 -0.997 -1.351 -1.460
1st 0.327 0.795 -0.804 -0.984 -1.347 -1.449
2nd 0.319 0.801 -0.802 -0.982 -1.346 -1.448
3rd 0.318 0.802 -0.801 -0.982 -1.346 -1.447
4th 0.318 0.802 -0.801 -0.982 -1.346 -1.447
5th 0.318 0.802 -0.801 -0.982 -1.346 -1.447

Table 2: Convergence History

at self consistency: ¥1, = 0.318x g + 0.802x . So the bonding orbital really is localised on He!

L2 ) — pubital O
s}
on
4 0&
o4 !
Iy '--.
a2
A h
00 — — )
= -1 o d o 1 4
wAnrarem
H 2]

Figure 16: HOMO of HHe™.
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11 Electron-electron repulsions in a chemical context:

We can generalise the expression for the energy to atoms/molecules with more than 2 electrons:
E=) 2B+ (2J; — Kyj) (39)
( 2%

for any closed-shell molecule, where the summation runs over doubly occupied orbitals For a 4-electron sys-
tem (Figure 17), for example:

E=2F,+2E, + (2Jaa — Kaa) + (2Jbb — Kbb) + 2 (2Jab — Kab)
=2F, +2FEy + Joo + Jop + 40y — 2K gp

A simple ‘algorithm’ that works for any atom/molecule (open or closed shell):

Total energy =

o the sum of the one-electron energies
e + 1J per pairwise interaction between two electrons

e - 1K per pairwise interaction between two electrons with parallel spins.

X
a H\Jab

<

Ja a

Figure 17: Coulomb and exchange contributions to the total electron-electron repulsion in a 4-electron
system.

Let’s look at 2 limiting cases, both with 4 electrons: Hes and Be

H92:

In this case, the two pairs of electrons (in o, and o,,) occupy similar regions of space, Figure 18 (both are
linear combinations of He 1s).

K is very large — it reduces the Coulomb repulsion by a factor of 2/3!
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He, : 1’162 5760 terms in the expansion!
(4! x 10 x 41)
J10Ll1cu
~——
1o
1o
4 K1ng1ﬁu

P4
47:\ K/J=0.67

-

A
v
1crg

]Ug J1cg1qg

-2K

” lo,10,

E=2E, +2E +J +4J +J

1o, 1o, lo 10, 1o,

E =2(-2.358)+2(-2.354) + 0.616 + 4(0.620) + 0.624 — 2(0.418)

{He-He = 2.5 A, 3-21G basis set, in atomic units: 1au = 27.212 eV)
Figure 18: Components of the total energy for a Hes dimer.

Be:

Effectively the same problem (4 electrons in 2 orbitals), but now the two pairs of electrons (in 1s and 2s)
occupy very different regions of space, Figure 19.

K is very small — it only offsets ~ 5% of the Coulomb repulsion.
Useful rule of thumb for d electrons transition metals: K = 0.25x J (electrons are in similar regions of space).
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Be : 1s22s? 5760 terms in the expansion!

(4! x 10 x 41)

']Z,vlc

20 = R

10 r
o ﬂ : \ A
{? ‘x F\V'Kl.ﬂl.\
A
¢ 1 ! 3 ‘ : ¢ 1S I JL\‘Z.\’ K/J = 0005

T

Jlsls

E = 2E1.\' + 2E2.§' + Jlsl,\‘ + 4J1.\‘2.s' + J2s2s

E =2(-7.902) +2(~1.600) + 2.269 + 4(0.484) + 0.345 — 2(0.026)

(3-21G basis set, in atomic units: 1au = 27.212 eV)

Figure 19: Components of the total energy for a Be atom.

11.1 What are the signs and magnitudes of J and K7

Recall the shapes of the orbitals in Hes:

orbitals |

‘ldg' loy,

Now consider the products of orbitals on the left and right hand sides of the expression for J.

Tiayie, = (105(D10(2) - [1,(1)10,(2)

Hartree products in J

llc;g( 1)A1 c;g(l) 16,(2)16,(2)
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log(1)1og4(1) 1o, (2)10,,(2)

> 0 everywhere > 0 everywhere

1
— > 0 everywhere
12

J is the sum of terms that are all positive, so J MUST be positive (no surprise - it is a repulsion, after all!).

What about K?

Kio10, = <1ag<1>1ou<2>|éuog(z)lou(l»

Hartree products in K

lcg(l)lcu(l) lcg(2)10u(2)
log(1)1o,(1) log(2)10,(2)
>0 on left,< 0 on right >0 on left,< 0 on right

1
— > 0 everywhere
T12

The products can now be either positive or negative, depending on position in space.
If both electrons on same side of the node: 109(1)1ou)2)|%|1og(2)10u(1) >0
If electrons on opposite sides of the node: 1o,(1)10,,(2)|==|10,4(2)10,(1) <0

12

Unlike J, K is the sum of some terms that are positive and some terms that are negative, so we can-
not, a priori, predict its sign in the same way as we can for J.

However, if the electrons are on the same side of the node, 712 is necessarily small, so 1o4(1)10,(2)] $|109(2)1au(1)
is large (and positive as established above).

In contrast, if the electrons are on opposite sides of the node, r12 is necessarily large(r), so 1o4(1)10,(2)| $|10'g(2)10'u(1)
is small (and negative as established above).

The summation large positive and small negative contributions means that K is positive, but generally
smaller than J

In practice K =~ 0.25J for electrons in the same subshell where there are no radial nodes, such as first-
row atoms (C, N, O, F), first-row TMs and lanthanides.
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12 The correlation problem and post-HF methods.
The Hartree-Fock wavefunction for the ground state of Hy can be represented as:
log(l) 1o,(1)

_ 1
=|lo, 1lo,|=—=
0=l 1o =5 10,(2) 15,(2)

04
03
0.2
HF

0.1

0.0

E(H,) - 2 x E(H) / au

+—s HF Energy
s-& C|Energy

1 2 3 4
H-H / Angstrom

Figure 20: HF and CI potential energy curves for the Hy dimer.

The potential energy surface obtained with this wavefunction shown in Figure 20 (blac curve) indicates that
this reproduces the equilibrium geometry reasonably well, but fails to reproduce the dissociation energy: the
HF energy of Hy at the dissociation limit is & 0.34 au higher than that of two isolated H atoms - this is a
spectacular failure! To see the origin of the problem with the HF wavefunction, expand one of the Hartree
products in the ground-state:

1
2(1+8)
= ﬁ [Xa(1)xa(2) + x6(1)x6(2) + xa(1)x5(2) + x6(1)xa(2)]

— H;..H} + Hf.H; + H,.H, + H,.H,

log(1)1o4(2) = (Xa(1) +x6(1)) (Xa(2) + x(2))

i.e. it is an equal mixture of covalent (H,...Hy) and ionic (H; ...H, ) resonance structures. This is reasonable
at the equilibrium geometry, where overlap is large, but unrealistic at the dissociation limit, where two
neutral H atoms will be strongly favoured over H+ + H~. This problem is a consequence of the central field
approximation, where one electron is influenced only by the average position of the other: the result is that
situations where both electrons are very close to each other at any given instant have a higher weight in the
wavefunction than they should have: we say that the motion of the two electrons is not correlated. Another
way to see this is to note that if the two electrons share the same spatial wavefunction, then wherever the
most probable position to find electron 1 is, it must also be the most probable position to find electron 2,
and that doesn’t make much sense!

12.1 Configuration interaction

The problems at the dissociation limit can be reduced by using configuration interaction — adding in extra
configurations to the wavefunction. In this case we will mix the |1a§| configuration with the doubly excited
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configuration |102|
Vor = ci|lo}] 4 calloy| (40)

Expanding one of the Hartree products for the |17 | configuration as we did above for [107|:

10,10, = 5 () = 00 (1)) (0(2) ~ ()

- ﬁ [Xa(D)xa(2) + x5 (1)x6(2) = Xa(1)x5(2) = x6(1)Xa(2)]
S HpHP 4 HLH - HelH, - Held

note that the ionic and covalent terms now appear with opposite signs.

for Wep = ¢1|lo}] + c2]107)

(2(16_1’_ S) + 2(1Ci S)) (Xa(l)Xa(Q) +Xb(1)Xb(2))

C1 C2
- a(1 2 1)xa(2
+(2(1+S) 2(1S)>(X()Xb()+Xb( )X())
An appropriate choice of coefficients (specifically Cz = —%) causes the ionic terms to vanish completely.

The ratio £ varies from 0 to -1 at the dissociation limit. The correlation energy is defined as the difference
between the energy obtained from this wavefunction and the Hartree Fock energy. Notice that in order to
get a better energy, we have had to abandon the idea that electrons live in orbitals — this is a big leap!

In practice, CI is performed by constructing linear combinations of ground and excited determinants based
on the Hartree-Fock orbitals. The optimum linear combination ® = > ; Ci®; where ®; are now determinants,
not orbitals, is then found using the linear variation method.

Example: Hj:

P = Cl‘:I)i + CQCI)Q

1 |1o,(1) 1a,(1) 1 |[lou(1) 1oy(1)

"= 1o,(2) 10,(2) 2= low(2) 154(2)

and the secular determinant we need to solve is:
(@1|H|®1) —E (2| H|P1)
(@1H|2,)  (@:lH]02) ~ E|
We have already encountered the matrix element <®1|ﬁ |®1) - it is just the ground-state energy of Hj:
(21 H|®1) = 2B15, + 10,10,

Similarly, we can show that
<(D2|IA{|(I)2> = 2E10u + Jla'ulo'u

(B1|H|®2) = (2] H|®1) = K110,

(see Problems 1, Qu 7)
So the total energy including CI is the lowest root of
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2E1(Tg + Jloglag - K Klaglau
Klagla'u 2E1cru + Jlaulau - E

=0 (41)

Solution of this determinant for different values of r gives the dashed curve in Figure 20.

Note that if the off-diagonal elements (K141, ) in Equation 41 are zero, there is no mixing of configurations.
So configuration interaction is most significant when K is large (see previous lecture for a discussion of when
this is the case).

For larger molecules, many millions or even billions of excited determinants may be needed for good accuracy.
The methods (acronyms CI, CID, CISD(T), CASSCF, MRCI...) can be very accurate but very expensive.

P,

q’ﬂ
Po

5

-
(=]
=

‘Full Exact/
Cl

-
o
©

s
\

- = o {c‘?

Number of configuration state functions
o

L Ly ol T\

10
Hartree—
P, Fock
1 limit
P
. — 10 20 30..
¥, l'ua Yoo Number of basis functions

Figure 21: Singly and doubly excited configurations and the approach to the ’exact’ limit.

13 Density Functional Theory

A fundamentally different approach, based on the density, p, (a 3-dimensional variable) rather than the wave-
function (a 3n-dimensional entity, where n is the number of electrons). Based on Theorems by Hohenberg
and Kohn (Kohn, Nobel prize 1998):

1. The energy is uniquely defined by the electron density, p.

2. The ground-state energy can be obtained variationally: the density that minimises the total energy is
the exact ground-state density.

In principle, orbitals are not needed for DFT, but in practice it is very difficult to calculate the KE term
(f%VQ) accurately using the density alone. Kohn and Sham developed a methodology wherein the electron
density is modelled as a system of fictitious non-interacting electrons which occupy the ‘Kohn-Sham orbitals’
and reproduce the real density. This leads to a set of 1-electron Kohn-Sham equations very similar in
structure to the Hartree Fock equations:

Hiséi = (;VQ + Veff> b = i
Veff = V(T) -+ J(?”) -+ Vm(r)

(42)
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V(r) and J(r) are the electron-nuclear and coulomb potentials, precisely as in HF theory. V,.(r) is the
so-called ‘exchange-correlation’ potential, which determines both the exchange and correlation effects.
Notice that the influence of correlation is introduced through the Hamiltonian, rather than by expanding the
wavefunction beyond the HF single determinant. Therefore it is appealing in terms of cost. The problem is
that the exact form of V,.(r) is unknown, and there are hundreds (thousands ...) of different approximations
to it (BP86, BLYP, HCTH, B3LYP, PBE, rev-PBE........ — the so-called ‘functional zoo’). Nearly 30 years
after it was first proposed, the most popular remains B3LYP (‘everybody’s favourite functional’).

The simplest density functional for the exchange energy, the so-called ’local density approximation, is based
on the properties of the Uniform Electron Gas:

EPA = — (i) (i)l/g (4m) /OOo r2p(r)3dr (43)

This turns out to be a surprisingly good approximation. Recall in Equation 22 we calculated J for two
electrons in a 1s orbital. Also recall that if the two electrons are in the same orbital, J = K and that the
exchange energy is intrinsically negative. The expression for the Hartree-Fock exchange energy is then:

2\ 1/2
EF = -2 (3)1/2 == (2) a'/? ~ —1.1280'/?
e ™

Using the expression for the orbital,
we can express the density as

and plugging into equation 44, we get, with use of the standard integral in Equation 17 and some collecting
of terms:

LDA 317 \V° 1/2 1/2

The value is about 15% too low. To correct for this, Slater introduced an empirical correction factor to give
the so-called "Slater X «’ expression:

B~ = ~1.05E,"P4 ~ ~1.013a'/2 (44)

Slater’s exchange expression was used extensively, particularly in solid-state physics, for many years. More
modern functionals use more complex expressions for F, and get better agreement with experiment, but the
principle is the same - the only difference is that the integral is harder!

Correlation energies can be calculated using the same principles, but the expressions are typically more
complex.

14 Semi-empirical theory

The number of 2-electron integrals in a HF expansion scales as N* where NN is the number of basis functions.
Thus reducing the size of the basis set and avoiding the calculation of some of the integrals is clearly an
advantageous strategy. There are two ways to do this.

1. We can parameterise (or set to zero) many of the 2-electron integrals that make up the Fock matrix

(such as those in Table 1), but leave the iterative structure unchanged. Depending on the parameterisation
scheme, this leads to a family of methods, CNDO, INDO, MINDO, ZINDO, AM1, AM2 etc. etc.. 'NDO’
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is 'neglect of differential overlap’. AM1 etc. were developed in Austin, Texas - hence Austin model 1, 2 etc.
These methods were popular up to the 1980’s, but have now largely been supplanted by DFT. There are
still some niche applications in e.g. electronic spectroscopy (they provide a quick way of approximating the
CI matrix).

2. We can be more radical and try to guess the structure of the final Fock matrix (as in Equation 38).
This removes the need to calculate any of the individual matrix elements, and also the need for iteration.
Hiickel theory is the ultimate extension of this approach, but a more useful middle ground is extended Hiickel
theory (EHT, for short). It should be emphasised that the approximations in these methods are so severe
that it is not realistic to expect quantitative results. So extended Hiickel theory is typically used for qualita-
tive studies of electronic structure based on overlap and symmetry arguments, but not for the calculation of
accurate energies or geometries. All of the MO diagrams and Walsh diagrams presented in the core course
Bonding in Molecules were generated using EHT.

14.1 Hiickel theory

Also see Valence lectures 7/8. The ultimate extension of semi-empirical theory - the philosophy is to eliminate
the computation of matrix elements entirely by parameterisation at the Fock matrix element level. Thus it
is not iterative.

o Assume complete separation of o and 7 systems (contrast Extended Hiickel Theory, later, where
all valence orbitals are included)

o Assumes independent electrons: i.e. ¥ = ¥1921314.. , a simple Hartree product, and F = E; + Es +
Es+ Ey+ ...

e Hi; = a the Coulomb integral
o Hjy = j (the resonance integral) if 1 and 2 are nearest neighbours, 0 otherwise
e « and [ usually given symbolic values rather than assigned to real numbers.

this makes the overlap matrix equal to the identity, and simplifies the secular equations from He=ScE
to He = cE. In a typical conjugated system Si5 = 0.2, so this seems a somewhat radical approxima-
tion. However it has little impact on the final solutions.

o Note geometry (i.e. bond lengths) is not considered at any point — only connectivity.

14.2 Extended Hiickel theory

As with Hiickel theory, the computation of matrix elements is avoided entirely by parameterisation of the
Fock matrix elements: again not iterative, but no assumptions are made about o7 separability: all valence
electrons included. Unlike Hiickel theory, geometry determines overlaps, which are calculated explicitly (ig-
noring 7 overlap might be OK, but ignoring o overlap is not reasonable!).

o Assumes independent electrons: ¢ = ¥1191)31,.. and E = By + Eo + B3+ E4 + ...
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S;i; computed as in Hartree Fock theory, using a minimal basis of Slater-type orbitals. If you want to
see the details of how this is done, look at the python script EH.py in the course support materials.

H;; = —1I; The ionisation energy of an electron in the appropriate orbital in the valence configuration
(e.g. sp? for a tetrahedral carbon). In practice this is usually taken as the weighted average of 2s and
2p electrons in C, but the choice is not critical.

Wolfsberg-Helmholtz formula

H;j = KS;; {;H}

K = 1.75 reproduces rotational barrier for ethane, but the choice is not critical. Early versions used
the simpler H;; = K.S;;

Solve matrix equation Hc = ScFE to get energies and eigenfunctions (=orbitals)
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Example: CHy valence orbitals: C' 2s, C' 2p, . H 1s

Z
A
y
//’X

(4)H
Figure 22: Definition of axis system for CHy.

Work flow:
Construct S using geometry and form of basis functions (Table 3)

Parameters: C': (25,9, =1.625 H:(5=120 C—-H =1.09

o

A (this information is only required to construct overlap matrix).

Table 3: Overlap matrix for CH,4
C 2s c2p, C2, C2p, HI1s(l) H1s(2) H 1s(3)

C 2s 1 0 0 0 0.5183 0.5183 0.5183
C 2p, 0 1 0 0 0.2819 0.2819 -0.2819
C 2p, 0 0 1 0 -0.2819  0.2819 0.2819
C 2p, 0 0 0 1 0.2819 -0.2819  0.2819
H 1s(1)) 0.5183 0.2819 -0.2819 0.2819 1 0.1844 0.1844
H 1s(2 0.5183 0.2819 0.2819 -0.2819 0.1844 1 0.1844

(2)
H 1s(3) 0.5183 -0.2819 0.2819 0.2819  0.1844 0.1844 1
(4 0.5183 -0.2819 -0.2819 -0.2819 0.1844 0.1844 0.1844

Insert diagonal elements H;; (usually tabulated) into H

Calculate off-diagonal elements H;; using Wolfsberg-Helmholtz formula. (Table 4)

Construct secular determinant and solve for F, ¢,
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H 1s(4)
0.5183
-0.2819
-0.2819
-0.2819
0.1844
0.1844
0.1844
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Table 4: Hamiltonian matrix for CHy4
c2s C2p, C2, C2, HI1s(l) H1s(2) H 1s(3) H 1s(4)

C 2s -19.44 0 0 0 -14.98 -14.98 -14.98 -14.98
C 2p, 0 -10.67 0 0 -5.99 -5.99 5.99 5.99
C 2p, 0 0 -10.67 0 5.99 -5.99 -5.99 5.99
C 2p, 0 0 0 -10.67 -5.99 5.99 -5.99 5.99
H 1s(1) -1498 -599 5.99 -5.99 -13.6 -4.39 -4.39 -4.39
H 1s(2) -1498 -599 -599 5.99 -4.39 -13.6 -4.39 -4.39
H 1s(3) -14.98 5.99 -5.99 =599  -4.39 -4.39 -13.6 -4.39
H 1s(4) -14.98 5.99 5.99 5.99 -4.39 -4.39 -4.39 -13.6

Table 5: Results (eigenvalues and eigenfunctions) of an extended Hiickel calculation on CH,4
orbital 1 2 3 4 5 6 7 8

Eigenvalues (energies)

E -23.21 -14.93 -14.93 -1493 6.06 6.06 6.06 34.0
Occup 2 2 2 2 0 0 0 0
Eigenfunctions (MOs)
C 2s 0.58 0 0 0 0 0 0 1.70
C 2p, 0 -0.12 0.48 0.20 0.25 -0.31 1.09 0
C 2p, 0 -0.28 0.12 -0.44 -0.92 0.60 0.38 0
C 2p, 0 0.44 0.20 -0.23 -0.66 -0.95 -0.12 0
H 1s(1) 0.19 0.17  -0.10 -0.52 1.0 002 045 -0.69
H 1s(2) 0.19 0.36 0.34 0.25 -0.28 1.01 0.33 -0.69
H 1s(3) 0.19 -0.50 0.24 0.0 0.0 -0.67 -0.86 -0.69
H 1s(4) 0.19 -0.03 -048 0.28 -0.73 036 0.74 -0.69

15 Problems - 1 and 2

15.1 Problems 1
1. Write down the Slater determinant for the ground states of the following: Li, Hes and Lis.

2. The z component of the spin angular momentum operator is

n
Sz: E Sjz
j=1

. Show that



is an eigenfunction of S, and evaluate its eigenvalue.

For the next two questions, you will need the standard integrals:

+o0 +oo
gy [T R
/_ooe dx—\/; /_Dome dm—Qb )

3. Evaluate the overlap matrix element between a normalised p-type Gaussian basis function located at the
origin, x4, and an s-type Gaussian located at (0,0,a), x». The exponent in both cases is «.

Xa = leeia(x2+y2+22) Xb = Ngefo‘(x2+y2+(zfa)2)
4. Evaluate the off-diagonal matrix element of the kinetic energy operator, Tup = (xa|T|xs) between an

s-type Gaussian basis function located at the origin, x, and an s-type Gaussian located at (0,0,a), x5. The
exponent in both cases is a.

Ya = Nge @@+ +2%) = N e—a(@+v°+(z-a))

5. Show that the total energy, T 4+ V, of a hydrogen atom described by a single gaussian function,

r? i e
Xa = Ne™ | is minimised when o = —98 .
™

6. The total nuclear-electron attraction for an electron in an s orbital centred on one of the two nuclei
in Hy© () is given by:

—-Z
Aga = Z <Xa|TCC|Xa>

where

show that for 7 = 0.77 A and o = 0.4166, A, = —1.676 au.

hint: to do this you need to sum over the interaction with both nuclei, the one that the orbital is cen-
tred on and the other one. The first one is as set out in the notes (r. = 0, Equation ??) but for the second
one, the distance is not large enough to ensure that er f(¢) ~ 1. You will therefore need to estimate the value
for er f(t) by interpolating the values in the table given in the handout.

7. We showed in the handout (Equation 30) that for the ground state configuration of Hy,

1 [10,(1) 10,(1)

X ) .
= ﬁ(lag(l)lag@) —10,(2)10,(1)) = 2 10,(2) 154(2)

Ey =2F15, + Jio,10,

By expanding the expression
N N N 1
(2| H|ip2) = E = (2| H1 + Ha + E|¢2>
Show that the energy of the doubly excited configuration

1 ]-Uu(l) 16—u(1)

v T V2 10u(2) 16.(2)

1 . _
- EOU"U)M(?) — lou(2)10u(1))
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E2 = 2Elo'u + Jlaulau

and also that the matrix element R
(V1|H[p2) = Kigy10,

8. The expression £ = E1,, + E10, + J10,10, — K10,10, Was derived in the handout for the first excited
triplet state of Hy (Equation 30),

8 — L o ou(2) — 1o o _ b log(1) 1ou(1)
Y= \/i(l ¢(D10u(2) — 1oy (1)104(2)) V2 log(2) 1ou(2)

The wavefunction above is in fact the Mg = 1 component of the triplet state, which can also represented as

Bp(Ms = 1) = = [1oy(1)104(2) — Low(1)1oy(2)] a(l)a(2)

V2

where the spatial and spin parts have been separated. The Mg = 0 component of the same triplet state is:

Bp(Ms = 0) = 5 [10,(1)10(2) ~ 10 (1)1, ()] fa(1)5(2) + A1) (2)]

while the Mg = 0 component of the corresponding open-shell singlet excited state is given by:

1

(Mg =0) = 3 [log(1)10u(2) + Low(1)10y(2)] [(1)3(2) = B(1)e(2)]

Show that these two wavefunctions can be represented as linear combinations of two Slater determinants.

1’3w(Ms=0)=% log(1) 1(:ru(1) N 1{;9(1) 1oy (1)
10,(2) 10,(2)| [104(2) 1ou(2)

By expanding, verify that the energy of the Mg = 0 component of the triplet state is also
Es—1 = Fi5, + F15, + J15,10, — Kio,10,
and show that the energy of the corresponding open-shell singlet state is

Es—o = F15, + F10, + J10,10, T Ki0,10,
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15.2 Problems 2

1. Using the following data, set up the 2 x 2 overlap and Hamiltonian matrices for one component of the 7
system (7 and %) of CO (you need only consider the p, orbitals as the p, are equivalent by symmetry).
You may use the following overlap integral:

Sczpz Oap, = 0.27

ionisation energies (=diagonal matrix elements, H;;):

HCQpczp =—-114¢eV HopoQP =—14.8 eV
and the Wolfsberg-Helmholtz formula:

i+ Hy;
Hij =1.75 x Sij X |:—’_JJ:|

2

Solve the 2 x 2 determinant and calculate the coefficients in the bonding and antibonding orbitals. Comment
on your results.

2. Using the following data, set up the overlap and Hamiltonian matrices for HoO. All other overlap integrals
are either 1 (S;;) or zero (S;;).

X
Ha/ Hp

S0,. 1y, = 0.41

So2sza15 = SO2PZH1,ls =—-0.20

S04, Haro = —S50,,, Hyy, = —0.30

SHalsHbls =0.16

ionisation energies (=diagonal matrix elements, H;):

I’IO2502S =-323¢V H02po2p =-14.8 eV HH1SH1S =—-13.6 eV

the Wolfsberg-Helmholtz formula:

Hij =1.75 x Sij X |:—’—j]:|

2

Using the Jupyter notebook supplied, solve the 6 x 6 secular determinant to give the orbital energies and
the corresponding coefficients in the LCAO expansion. Use the coefficients to sketch the orbitals.

16 More on DFT



Erplp(r)] = 3 (3#2)2/3 /p5/3 (r)dr — Z/@dr + 1/Mdrldm

2 T12

E(p) =T (p) + En—c(p) + Ee—c (p)

E (p) =T (p) + En—e (p) + Ecoulomb (p) + Erc (,0)

/3 poo
LDA _ § § ' / 4/3
E, 00 = ( 1)\ = . p(r)*2dv
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(45)



